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2tions used to study FLRW and Bianchi type I cosmolog-
ical models.
A. Basic equations of the brane -world
In Randall - Sundrum brane -world type scenarios mat-
ter elds are conned in a three - brane embedded in a
ve - dimensional spacetime (bulk). It is assumed that
the metric of this spacetime, g
(5)
AB
, obeys the Einstein






















is the Einstein tensor, 
(5)
denotes the ve -
dimensional gravitational coupling constant and T
AB
represents the energy -momentum tensor of the matter
with the Dirac delta function reecting the fact that mat-
ter is conned to the spacelike hypersurface x
4
  = 0
(the brane) with induced metric g
AB
and tension .
Using the Gauss -Codacci equations, the Israel junc-
tion conditions and the Z
2
symmetry with respect to the



















is the Einstein tensor of the induced metric
g
ab
. The four - dimensional gravitational constant  and
the cosmological constant  can be expressed in terms





the brane tension  [20].
As mentioned in the introduction, there are two cor-
rections to the general - relativistic equations. Firstly S
ab
represent corrections quadratic in the matter variables
































, corresponds to the \electric" part of the
ve - dimensionalWeyl tensor C
(5)
ABCD



















representing the non - local eects from the free gravita-
tional eld in the bulk. The modied Einstein equations



















) = 0 : (5)
We can decompose E
ab
into its ineducable parts relative




















































= 0 : (7)
Here U has the same form as the energy -momentum ten-
sor of a radiation perfect uid and for this reason is re-
ferred to as the \dark" energy density of the Weyl uid.
Q
a
is a spatial and P
ab





are analogous to the usual energy
ux vector q
a
and anisotropic stress tensor 
ab
in General
Relativity. The constraint equation (5) leads to evolution
equations for U and Q
a
, but not for P
ab
(see [15]).
B. Scalar eld dynamics on the brane
In this paper we consider both FLRW and Bianchi I
cosmological models on the brane where the matter is
described by a dynamical scalar eld  with an expo-
nential potential V () = exp(b). In this case the uid













=  1 ; (8)
which makes it automatically orthogonal to the hyper-
surfaces of homogeneity (surfaces of constant ). With
this choice of 4 - velocity, the energy -momentum tensor
T

for a scalar eld  takes the form of a perfect uid

























  V () : (11)
where
_
 is the momentum density of the scalar eld and
V () is its potential energy. If the scalar eld is not
minimally coupled this simple representation is no longer
valid, but it is still possible to have an imperfect uid
form for the energy -momentum tensor [17].
In the case of FLRW models, the eective Einstein






and this, through the constraint (5), further implies
D
a
U = 0 , U = U(t) ; (12)
where D
a
denotes the covariant derivative associated









). The situation is somewhat
dierent when one considers Bianchi type I models. This
time we obtain Q
a
= 0 but we do not get any restriction
3on P
ab
: Since there is no way of xing the dynamics of
this tensor we will study the particular case in which it
vanishes and the conditions (12) also apply.
The key equations describing the dynamics of these






































, and the Friedmann equation constraint (a

































R is the scalar curvature of the hypersurfaces or-





















). We consider only
the case of a positive four - dimensional cosmological con-
stant, i.e.   0. For Bianchi type I models
3
R vanishes





On the other hand, the shear vanishes for FLRW models









In both cases the evolution equation for U is given by [15]
_
U =  4HU ;
and substituting for  and p from (10) and (11) into the
energy conservation equation
_ +( + p) = 0 ; (15)






() = 0 ; (16)
an exact ordinary dierential equation for  once the
potential has been specied. It is convenient to relate p
and  by the index  dened by









This index would be constant in the case of a simple one -
component uid, but in general will vary with time in the
case of a scalar eld:


















In the next two sections we study in detail the dy-
namics of (a) FLRW models with U 6= 0 and (b) the
anisotropic Bianchi I models with U 6= 0 thus extending
our recent work which only considered FLRW models
with vanishing non - local energy density U . The key dif-
ference between this work and a similar study carried out
by Campos and Sopuerta [6] is that we have a dynamical
equation of state parameter  which evolves according
to equation (18) above. In the case of an exponential
potential V () = exp(b), where b  0 we obtain









In order to obtain a compact state space we will re - write
the above dynamical equations in terms of dimensionless
coordinates that are appropriately expansion normalized.
III. ANALYSIS OF FLRW MODELS WITH
EXPONENTIAL POTENTIALS
In the rst paper of this series [10] we had to distin-
guish between the case
3
R  0 and
3
R  0 when intro-
ducing appropriate expansion normalized coordinates for
the FLRW models. In this paper, we have to consider
four dierent subcases when studying the FLRW mod-
els and each one will have to be normalized by dierent
quantities in order to obtain a compact state space: (A)
U  0 and
3
R  0; (B) U  0 and
3
R  0; (C) U  0 and
3
R  0; (D) U  0 and
3
R  0. The total state space
is composed of these 4 sectors, which are disconnected
since trajectories cannot leave one sector and enter an-
other. For a detailed description of the state space, in
particular the invariant sets and the unusual geometry of
sector D we refer to [6].
A. U  0 and
3
R  0
As explained by several authors (see e.g. [6, 7]), a com-
pact state space is obtained by using the dimensionless















































The coordinates represent the fractional contributions of
the ordinary energy density, the curvature, the brane ten-
sion, and the dark radiation energy to the total energy
density, normalized with respect to the Hubble parame-
ter H(t). In addition, we use the variable  2 [0; 2] in
order to describe the dynamics of the scalar eld . Using
















= 1 : (22)
4Since all of the terms in the sum are non - negative, each












takes values in the in-
terval [0; 1], which means that we obtain a compact state
space.
In order to decouple the evolution equation for H (13)









Inserting the Friedmann constraint (22) in order to keep
the dimensionality of the state space as low as possible,
it follows that the dynamics of the open or at models


































































































= [(3   4)(1 

U













The equilibrium points of this dynamical system, their
coordinates in state space and their eigenvalues are given
in TABLE I below. Most of the equilibrium points of the
system (24) are the same as those obtained in Paper I
[10]: the at FLRW universe F
2

with sti matter and
a(t) = t
1=3
; the Milne universe M
2

with sti matter and




non - general - relativistic model m
2

with  = 2 and scale
factor a(t) = t
1=6
, which has been discussed in detail



























depending on the value
of b.




 = 2 and scale factor a(t) = exp(
p
=3t), and a set
of non - general - relativistic critical points with  = 0






- direction. This set









); it contains the at general
relativistic FLRW model and the general relativistic de -
Sitter model with constant energy density  respectively.
This 2 - parameter set of equilibrium points contains the







obtained in our previous paper [10].
In addition to these equilibrium points with vanishing







which have the same metric a(t) = t
1=2
as the




 = 0; 2 respectively and  = k = 
 1




(b) describes a at expanding model with  =
4
3
and vanishing brane - tension (


= 0), but which has
in general non - vanishing energy density and non - local






> 0. For b = 0,









= 4 the model coincides with the at






= 0). The scale















occurs in this sector of state space for b
2




occurs only for b
2
 4 in this sector of state space. All
three points move in state space as we vary the parameter
value b, but independent of the value of b only occur in
the expanding sector  = +1.















are non -hyperbolic; we analyzed their nature using the
perturbative methods described in Paper 1 [10].
B. U  0 and
3
R  0


































and the variables with a tilde are the analogues of those
in (20) and (21) but normalized with respect toD instead




















= 1 ; (26)






values in [0; 1], whereas Q takes values in [ 1; 1]. Hence
these coordinates dene a compact state space. Intro-











. Inserting the Friedmann constraint
(26), we nd that the dynamics of the closed and at













































































































































The equilibrium points of this system, their coordinates
in state space and their eigenvalues are given in TABLE
II. We recover the equilibrium points obtained in the
previous subsection which corresponded to at models.
In particular, for b
2




(b), which for b
2
6= 4 describes a model with non -
vanishing non - local energy density U .
In addition, we nd a 2 - parameter set of static (Q = 0)





















































5TABLE I: This table gives the coordinates and eigenvalues of the critical points with U  0 and
3






















































































































































= 1 a perturbative analysis has to be carried
out.
b


























TABLE II: This table gives the coordinates and eigenvalues of the critical points with U  0 and
3





























































(2; ; 0; 0; 0) (6+
p






















































































































































































= 1 a perturbative analysis has to be carried
out.
b
























































= 0 : (29)
Again, we have already inserted the Friedmann con-
straint (26). Note that the Jacobian of the dynamical
system (49) is in general not well - dened for  = 0 [21].





are indeed saddle points in state space.
The models E have the same line - element as the Ein-
stein universe (H = 0; k = +1), but in general also non -
zero brane tension and positive nonlocal energy density







Requiring positive energy density 

, we nd from (14)




















Notice that the constraint (29) comes from the 
0
-
equation in (27), hence from the dynamics of the scalar
eld, and does not occur in the studies of a similar model
with constant equation of state, i.e. without a dynamical
equation of state parameter.
From (28) we can see that the static models E can oc-
cur for any values of  2 [0; 2]. Equation (29) is however


















6= 0 when considering
static models. This is due to the fact that for static
models a = a

;  = 














= 0. This has the
interesting consequence that there exist no vacuum static
solutions in the  = 0 - subset. Only when allowing for





do we nd that (28)






We emphasize that the static model denoted by E
1=3
in
our previous paper [10] is in that sense unphysical, since











= 1 which can only be satised in this extended
scenario allowing for non - zero cosmological constant .
Hence the only static vacuum model occurring in this















= 1=2. This is a line of equilibrium points
extending in  - direction. The other static models are



























= 0 are the
















For constant potential (b = 0) equation (29) is auto-





















for b = 0 E degenerates into a 3 - dimensional surface
containing static models for all values of  2 [0; 2].





= 0 - subset much stronger con-




] is required even for b = 0.
Although these sets of equilibriumpoints form geomet-
rically interesting objects in state space, they are not of
interest for our stability analysis, since all these equilib-
rium points are unstable saddle points.
C. U  0 and
3
R  0
In this case we obtain a compact state space by intro-






































are dened as in in (20) and (21)
but normalized with respect to N instead of H. Using





















As before, all the terms in that sum are non -negative by





















in the interval [0; 1]. Since  2 [0; 2] and Z 2 [ 1; 1], we
nd that the state space is again compact.

















































































































































The equilibrium points of this system, their coordinates
in state space and their eigenvalues are given in TABLE
III. Again we recover the models with U = 0 that we




(b) now only occurs for b
2
2 [0; 4]. This
is due to the fact that the point represents a model with
nonlocal energy density depending on the value of the
parameter b. For b
2
< 4, the point corresponds to a
model with negative nonlocal energy density U , whereas
for b
2
> 4 it represents a model with positive U . For
b
2

















(b) moving in state space is leaving the sector
describing models with U  0 and entering the sector of
models with U  0 when the parameter value b
2
= 4 (b =
 2).
In addition to these points, we nd the set S of static














































































= 0 ; (36)
where we have already inserted the Friedmann constraint
(32).
Requiring non - negative energy density 

, we also nd




















7TABLE III: This table gives the coordinates and eigenvalues of the critical points with U  0 and
3
































































(2; ; 0; 0; 0) (6+
p






































































































































































= 1 a perturbative analysis has to be carried
out.
b


























It is important to note that these static models in general
have negative curvature (k =  1).
We can see from (35) and (32) that there are no static
vacuum models. The only static models for b 6= 0 are
































= 0-subset and outside of
that region. Again this is a 2 - parameter surface.
For b = 0, this 2 - dimensional set degenerates into a
3 -dimensional surface; in this special case we nd that
static models occur for all values of 

 2=3.
Notice that the constraints on these models, in contrast
to the constraints on the models E found in the previous
section, do not change when we restrict ourselves to the
 = 0 - subset: for b = 0 there are static models for all






Dynamically these models are again not very interest-
ing, since they all represent saddle points in state space.
D. U  0 and
3
R  0
As explained in [6], we need to take into account that
the Friedmann equation (14) now has two non -positive
terms. It turns out that we can obtain a compact state






































and the variables with a hat are dened as those in (20)
and (21) but normalized with respect to P instead of H.















= 1 : (38)





does not appear in the






is negative and belongs to the interval
















[0; 1]. Together with W 2 [ 1; 1] and  2 [0; 2], we nd
that these variables dene a compact state space.















































































































The equilibrium points of this system, their coordinates
in state space and their eigenvalues are given in TABLE
IV. Again, we recover the equilibrium points that repre-
sent at models obtained in the previous subsection. In
addition, we nd another set of equilibrium points rep-
resenting static models denoted by E.
These models correspond to the Einstein - universe -
like models found in subsection B, since they also have
the same line element as the Einstein universe (H =
0; k = +1) and have non - zero brane tension and non -















































8TABLE IV: This table gives the coordinates and eigenvalues of the critical points with U  0 and
3
































+ 4. Notice that  is a real positive quantity within





(2; ; 0; 0; 0) (6+
p
















































































































































































= 1 a perturbative analysis has to be carried
out.
b














































= 0 : (42)
where we have again inserted the Friedmann constraint
(38).
We can see from (41) that there exist no vacuum solu-
tions and no solutions for 

= 0. Hence for a non - at




































= 0- subset occur for  2 [1=3; 4=3].
E. Qualitative Analysis
We use the results obtained in the previous subsections
in order to determine the dynamical character of the equi-
librium points found above. We summarize the results in
TABLE V below. For all values of b the past attrac-






















<< V ). For a non -
at potential (b 6= 0) the contracting BDL model m
2
 
with  = 2 is the unique future attractor. In particular
the expanding deSitter model is not a future attractor in
the presence of a scalar eld with exponential potential.
This stands in strong contrast to the results obtained in
[6] for the scalar eld - free case where the expanding de -
Sitter model dS
+
is a future attractor for all values of .










) including the de - Sitter model
with  = 0 form another set of future attractors. Note









(b) are also future attractors. To be pre-





is an attractor for b
2
< 2






Notice that in General Relativity, the scenario that
we are describing here (matter described by a dynami-
cal scalar eld with exponential potential) only admits a
static universe in the special case of a constant potential
(b = 0). This model had the same line element as the
Einstein universe (H = 0; k = +1) and only occurred at
 = 2=3.
If we allow for non - zero brane tension but neglect the
bulk eects (U = 0, see Paper I ([10])), this condition is
relaxed: we nd static universe models characterized by
H = 0; k = +1 for all values of  2]1=3; 2=3] for b = 0.
For a non - at potential (b 6= 0) there are still no physical
static equilibrium points [23].
In this paper taking into account the bulk eects as
well as allowing for a non - zero cosmological constant ,
we nd that there are not only static Einstein universe
like models (k = +1), but also static saddle points that
are at (k = 0) or even negatively curved (k =  1).
For b = 0 there are static models for all values of 
even in the  = 0-subset, which shows that these are
purely due to the bulk eects. Allowing for  6= 0 we
nd that the constraints on the static models are further
relaxed. We then nd that Einstein static models occur
for all values of  when U  0 and for all   1=3 when
U  0. Flat and open static models occur for all   2=3
but only if U  0.
More interestingly we also nd static models for b 6= 0.
For  = 0 we nd Einstein static models with  = 0 in
the U  0-sector and for  = 2 there are open and at
models in the U  0-sector.
9TABLE V: Dynamical character of the critical points in the FLRW case for  = 0.




























) source source source source source source source source
E saddle saddle saddle saddle saddle saddle saddle saddle
































(b) saddle saddle saddle
a








saddle saddle saddle saddle saddle
a
Notice that this point is an attractor for all general relativistic
open or at models, while it is a repeller for all closed general
relativistic models.
b
Notice that this model has negative non-local energy density U
for b
2
< 4, U = 0 for b
2
= 4 and U > 0 for b
2
> 4
TABLE VI: Dynamical character of the critical points in the FLRW case for general .


































) source source source source source source source source
E saddle saddle saddle saddle saddle saddle saddle saddle








































saddle saddle saddle saddle saddle saddle saddle saddle
a
Notice that this model has negative non-local energy density U
for b
2
< 4, U = 0 for b
2
= 4 and U > 0 for b
2
> 4
When allowing for a cosmological constant, we nd
that the Einstein static universe occurs for all values of
 when U  0 and for  = 2 when U  0. The open
and at models still only occur for  = 2 and only in the
U  0 - sector.
Altogether, the conditions for allowing for static mod-
els in General Relativity are changed dramatically when
considering the terms corresponding to brane tension and
non - local energy density, and are further relaxed when
including a cosmological constant. Instead of nding only
the static Einstein universe with  =
2
3
, and this only in
the special case of a at potential, we now nd static
models for all values of b and all  2 [0; 2].
IV. BIANCHI I MODELS WITH AN
EXPONENTIAL POTENTIALS
We now turn our attention to the dynamics of Bianchi
type I models in the brane -world scenario with exponen-
tial potential. This class of models is characterized by a

















Again, we follow very closely the analysis done in [6], the
only dierence being that we have the additional equa-
tion (19) describing the dynamics of the scalar eld.
As we have discussed above, the non - zero contribu-
tions from the ve - dimensional Weyl tensor are U and
P
ab
but since the second one has no evolution equation
10





When introducing appropriate variables, we have to
consider two dierent cases: (A) U  0; (B) U  0.
A. U  0
This case is formally very similar to subsection III A.


























denes a normalized variable for the shear contribution,
and the remaining variables are dened by (20) and (21).
















= 1 : (45)



























































































= [(3   4)(1 

U














The equilibrium points of this system, their coordinates
in state space and their eigenvalues are given in TABLE
VI. The only new equilibrium points that we obtain in
this subsection are the anisotropic modelsK. These have
been identied in [6] as the general relativistic vacuum



















= 1 : (47)
B. U  0






























equation (44), but normalized with respect to N dened
in (31) and the remaining variables are as in subsec-





















= 1 : (48)









































































































































The equilibrium points of this system, their coordinates
in state space and their eigenvalues are given in TABLE
VII. In addition to the anisotropic Kasner models we
































































































in order for the energy density 

to be non - negative.







= 2=3 for all values of 

. Furthermore
we nd non - vacuum models for 

= 0 and 

= 2.
The set of static models nE forms a 2 -parameter set of
equilibrium points which for b = 0 degenerates into a 3 -
dimensional surface containing static equilibrium points



















] if b = 0.
For each xed value of 

the models nE are the same



























We repeat that although H = 0, the scale factors A

(t)






(t) = 1 which remains constant. The matter can
still expand or contract along the principal shear axis,
hence forming a pancake singularity if one q

is negative
and a cigar type singularity if two of them are negative.
Note that the Jacobian of the dynamical system (49)
is in general not well dened for 

= 0 [24]. In that case




are also saddle points in state space.
11










































































































































= 1 a perturbative analysis has to be carried
out.
b






































































+ 12 + 4. Notice that ' is a
























































































































































(b+ ); 2b; b; 2b)
a




















= 1 a perturbative analysis has to be carried
out.
b



























We summarize the dynamical character of the equi-
librium points obtained in this section in TABLE VIII
below. The main question we want to address here is
whether the initial singularity is isotropic or not when
restricting our analysis to Bianchi I models. We obtain
the following result.
For b = 0 we nd that the only equilibrium points
of the dynamical system (46, 49) that are sources and
therefore present stable initial congurations are the ex-




) and the line of the at and collapsing models with







())) including the at FLRW model
and the maximally non-general relativistic BDL model.
All these models are isotropic.
If b  0, the dynamical system possesses in addition




This equilibrium point represents the anisotropic Kasner
model with  = 0.
This means that if b = 0, the initial singularity must
be isotropic, since the anisotropic models are not stable
at early times. If on the other hand the potential V ()
is not at, i.e. b 6= 0, we nd that the initial singularity
could be anisotropic, since the anisotropic Kasner model
is stable at early times.
12
TABLE IX: Dynamical character of the critical points in the Bianchi I case for  = 0.























































saddle saddle saddle saddle saddle saddle


















Notice that this point is an attractor for all general relativistic
open or at models, while it is a repeller for all general relativistic
closed models.
b
Notice that this model has negative non-local energy density U
for b
2
< 4, U = 0 for b
2
= 4 and U > 0 for b
2
> 4
TABLE X: Dynamical character of the critical points in the Bianchi I case for general .

































































saddle saddle saddle saddle saddle saddle












saddle saddle saddle saddle saddle saddle
a
Notice that this model has negative non-local energy density U
for b
2
< 4, U = 0 for b
2
= 4 and U > 0 for b
2
> 4
V. DISCUSSION AND CONCLUSION
We end this paper with a comparison of our results
with work previously done in this area. In particular, we
focus on two issues: Firstly we discuss the occurrence and
stability of equilibrium points in the dynamical systems
analysis of FLRW and Bianchi I models with and without
an exponential potential and compare our work to that
done by Campos and Sopuerta [6]. Secondly we discuss
the issue of isotropization in the past; here we mainly
comment on the results recently obtained by Coley et al
in ([18, 19]).
Addressing the rst issue let us state the dierences
between this work and [5, 6] where the scalar eld free
analog of the scenario was studied. Formally, the new
features of our work is contained in an additional evo-
lution equation for  (19) thus enlarging the dynamical
system analyzed with respect to the one studied in [6].
This means in particular that we should expect to obtain
no more than the equilibrium points already obtained in
[6]. The stability of these equilibrium points on the other
hand is expected to be altered since the additional dy-
namical equation yields an additional eigenvalue in the
dynamical systems analysis which can potentially desta-
bilize the equilibrium points. In fact we found that we in
general only recover the equilibrium points that Campos
et al found for any linear barotropic equation of state
for the special values of  = 0; 2 which correspond to
_
 << V and V <<
_
 respectively.












(b) which are mov-
ing in state space as the steepness of the potential (char-
acterized by the value of b) is increased are in fact not
new. The rst point simply corresponds to the at FLRW
13
model with equation of state parameter  depending on
the value of b. More interestingly, the last two corre-







for each value of b the model X
2=3
+
(b) corresponds to a
point of the line of general - relativistic, non-static equi-








sponds for each value of b to one of the points on the








in [6] (see gure 2 in that paper).
There the stability of the equilibrium points forming the
bifurcations was not discussed in much detail. We nd
that for suÆciently steep potential (b
2




(b) is a stable sink in the  = 0-subset of the state
space of the Bianchi I models and the  = k = 0-subset
of the state space of the FLRW models. This means that
in that case this point which has scale factor a(t) = t
1=2
and non-vanishing positive non-local energy density U is
a future attractor with the equation of state of pure ra-
diation. It is the only non - collapsing future attractor,
but it is unstable for ; k 6= 0.
The second important issue we want to address here
is the issue of isotropization. In [18] it was claimed that
the initial singularity in the brane-world scenario is nec-
essarily isotropic. It was shown that for   1 the non-
general relativistic BDL-model m
+
[25] with scale factor
a(t) = t
1=3
is a source in the state space of all Bianchi
IX models, and it was also claimed that this is the only
source with physically relevant values of (  1). In
this paper we have considered the more general situation
of  2 [0; 2]. We have found all equilibrium points of the
state space and identied the past attractors without im-
posing any constraints on . We conrm that the BDL
model with  = 2 is a generic past attractor in both the
FLRW case and the Bianchi I case. We want to point
out however, that in the analysis of the Bianchi I models




past attractor unless the potential is at (b = 0). This
model has the equation of state p =   and corresponds
to a slow rolling scalar eld (
_
 << V ). In particular no
energy conditions are violated [26]. In summary, we nd
that if we adopt the assumption on the equation of state
in the early universe   1, the initial singularity must
be isotropic. The benet of our approach is that we rst
nd all congurations that are stable in the past in a
transparent and complete analysis. We can then exclude
certain ones on physical grounds.
We conclude with the following remark on the future
attractors in this scenario. In [10] we explained that the









to the equilibrium points obtained in [11] and [12] in the
general relativistic analysis, and found that the stability
of these models is not altered in the brane-world exten-
sion with vanishing non-local energy density U . In this
paper we nd that these models are also stable against
perturbations in U . It is the perturbations in  that grow
and hence destabilize these models. This conrms the in-
tuitive idea that the cosmological constant dominates at
late times since we showed that allowing for non - zero 




It does not destabilize the contracting non - general rel-
ativistic future attractor m
2
 
, since at high energies the






. Hence the re - collapsing BDL model
with sti matter ( = 2) is the unique future attractor
for the models discussed in this paper.
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